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Abstract
We first present a determinantal inequality of partial trace for positive semidefinite
block matrices, which is a generalization of Lin’s result and also an improvement of
Kuai’s result, and then we extend Choi’s partial determinant inequalities to a larger
class of matrices whose numerical ranges are contained in a sector. Moreover, some new
trace inequalities for positive semidefinite 2× 2 block matrices are included.
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1 Introduction
Throughout the paper, we use the following standard notation. The set of n × n complex
matrices is denoted by Mn(C), or simply by Mn, and the identity matrix of order n by In,
or I for short. If A = [aij ] is of order m × n, let |A| denote a nonnegative matrix whose
entries are the absolute of the entries of A. If B is of order s × t, the tensor product of A
with B, denoted by A⊗B, is an ms× nt matrix, partitioned into m×n block matrix with
the (i, j)-block the s × t matrix aijB. In this paper, we are interested in complex block
matrices. Let Mn(Mk) be the set of complex matrices partitioned into n × n blocks with
each block being k× k. The element of Mn(Mk) is usually written as H = [Hij]
n
i,j=1, where
Hij ∈Mk for all i, j.
Now we introduce the definition of partial traces, which comes from Quantum Informa-
tion Theory [19, p. 12]. For H ∈Mn(Mk), the first partial trace (map) H 7→ tr1H ∈Mk is
defined as the adjoint map of the imbedding map X 7→ In ⊗X ∈ Mn ⊗Mk. Correspond-
ingly, the second partial trace (map) H 7→ tr2H ∈ Mn is defined as the adjoint map of the
imbedding map Y 7→ Y ⊗ Ik ∈Mn ⊗Mk. Therefore, we have
〈In ⊗X,H〉 = 〈X, tr1H〉, ∀X ∈Mk, (1)
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and
〈Y ⊗ Ik,H〉 = 〈Y, tr2H〉, ∀Y ∈Mn,
where 〈·, ·〉 stands for the Hilbert-Schmidt inner product, i.e., 〈A,B〉 = tr(A∗B). Assume
that H = [Hij]
n
i,j=1 with Hij ∈ Mk, then the visualized forms of the partial traces are
actually given in [2, pp. 120–123] as
tr1H =
n∑
i=1
Hii, tr2H =
[
trHij
]n
i,j=1
. (2)
For A ∈ Mn, the Cartesian (Toeptliz) decomposition A = ℜA + iℑA, where ℜA =
1
2(A +A
∗) and ℑA = 12i(A− A
∗). We denote the i-th largest singular value of A by σi(A)
and the i-th largest eigenvalue by λi(A) whenever A is Hermitian. The numerical range of
A ∈Mn is defined by
W (A) = {x∗Ax : x ∈ C∗, x∗x = 1}.
For α ∈ [0, pi2 ), let Sα be the sector on the complex plane given by
Sα = {z ∈ C : ℜz > 0, |ℑz| ≤ (ℜz) tanα} = {re
iθ : r > 0, |θ| ≤ α}.
Obviously, if W (A) ⊆ Sα for α ∈ [0,
pi
2 ), then ℜ(A) is positive definite and if W (A) ⊆ S0,
then A is positive definite. Such class of matrices whose numerical ranges are contained
in a sector is called the sector matrices class. Clearly, the concept of sector matrices is an
extension of that of positive definite matrices. Over the past years, various studies on sector
matrices have been obtained in the literature; see, e.g., [5, 10, 11, 16, 20, 22].
If H = [Hij ]
n
i,j=1 ∈Mn(Mk) is positive semidefinite, it is well known that both tr1H and
tr2H are positive semidefinite; see, e.g., [21]. Moreover, Fiedler and Markham [6] proved
the following celebrated inequality concerning trace and determinant.(
det
(
tr2H
)
k
)k
≥ detH. (3)
In substance, Lin [17, 18] pointed out that in their proof of (3), Fiedler and Markham
used the superadditivity of determinant functional, which can be improved by Fan-Ky’s
determinantal inequality (see [8, p. 488]), i.e., the log-concavity of the determinant over
the cone of positive semidefinite matrices; see [13] for a short proof. Furthermore, Lin [17]
proved an analogous complement of (3) for tr1H, which states that(
det(tr1H)
n
)n
≥ detH. (4)
Recently, Kuai [11] extended Lin’s inequality (4) to the sector matrices.
|detH| ≤ (secα)(3n−2)k ·
(
|det(tr1H)|
n
)n
. (5)
On the other hand, assume that Hij =
[
h
i,j
l,m
]k
l,m=1
, then we can see that
tr1H =
n∑
i=1
Hii =
n∑
i=1
[
h
i,i
l,m
]k
l,m=1
=
[
n∑
i=1
h
i,i
l,m
]k
l,m=1
=
[
trGlm
]k
l,m=1
,
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whereGlm =
[
h
i,j
l,m
]n
i,j=1
∈Mn. Motivated by this relation, Choi [4] introduced the definition
of partial determinants corresponding to partial traces. For H = [Hij ]
n
i,j=1 ∈ Mn(Mk), the
partial determinants are defined as
det1H =
[
detGlm
]k
l,m=1
and det2H =
[
detHij
]n
i,j=1
.
To some extent, the partial determinants share some comnon properties relative to partial
traces. For instance, it is easy to see that both det1H and det2H are positive semidefinite
whenever H ∈Mn(Mk) is positive semidefinite. Additionally, Choi [4] proved two analogues
of (3) and (4) for partial determinants.(
tr(det1H)
k
)k
≥ detH, (6)
and (
tr(det2H)
n
)n
≥ detH. (7)
The paper is organized as follows. In Section 2, we first give an improvement on Kuai’s
result (5), which is a generalization of Lin’s result (4) to sector matrices (Theorem 2.6). And
then we extend Choi’s result (6) and (7) to sector matrices (Theorem 2.7). In Section 3, we
present some trace inequalities for 2× 2 block matrices by using tensor product (Theorem
3.1 and Theorem 3.2), which can be regarded as extensions of results due to Kittaneh and
Lin.
2 Partial trace inequalities for sector matrices
Before starting our results, we now summarise the following lemmas.
Lemma 2.1 (see [16]) Let 0 ≤ α < pi2 and A ∈Mn with W (A) ⊆ Sα. Then
|detA| ≤ (secα)n det(ℜA).
Lemma 2.2 (see [8, p. 510]) Let A be an n-square complex matrix. Then
λi(ℜA) ≤ σi(A), i = 1, 2, . . . , n.
Moreover, if A has positive definite real part, then
detℜA+ |detℑA| ≤ |detA|.
Lemma 2.3 (see [8, p. 506]) Let H = [Hij] ∈Mn(Mk) be positive semidefinite. Then
detH ≤
n∏
i=1
detHii.
The key step in our extension is the following identity (8) connecting tr1(H) and H,
which has been applied to quantum information, such as the subadditivity of q-entropies.
It can be found in [9, equation (26) ]; see also [3, Lemma 2] for more details.
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Lemma 2.4 Let X and Y be generalized Pauli matrices on Cn; these operators act as
Xej = ej+1 and Y ej = e
2pij
√−1/nej, where ej is the j-th column of In and en+1 = e1. Then
1
n
n∑
l,j=1
(X lY j ⊗ Ik)H(X
lY j ⊗ Ik)
∗ = In ⊗ (tr1H). (8)
Proposition 2.5 Let H ∈Mn(Mk) be such that W (H) ⊆ Sα. Then W (tr1H) ⊆ Sα.
Proof. Consider the Cartesian decomposition H = ℜH + i · ℑH, then
tr1H = tr1(ℜH) + i · tr1(ℑH).
For every x ∈ Ck with x∗x = 1, as ℜH is positive definite, which yields
ℜ
(
x∗(tr1H)x
)
= x∗
(
ℜ(tr1H)
)
x = x∗
(
tr1(ℜH)
)
x > 0.
On the other hand, by a direct computation,∣∣ℑ(x∗(tr1H)x)∣∣
ℜ
(
x∗(tr1H)x
) = |x∗(tr1(ℑH))x|
x∗(tr1(ℜH))x
=
|〈xx∗, tr1(ℑH)〉|
〈xx∗, tr1(ℜH)〉
.
Since In ⊗ (x
∗x) are positive semidefinite, and then consider the spectral decomposition
In ⊗ (x
∗x) =
∑nk
i=1 λiuiu
∗
i , where λi ≥ 0 and ui are unit vectors in C
nk. By the definition
of tr1H in (1), it follows that
|〈xx∗, tr1(ℑH)〉|
〈xx∗, tr1(ℜH)〉
=
|〈In ⊗ (xx
∗),ℑH〉|
〈In ⊗ (xx∗),ℜH〉
=
∣∣∣∑nki=1 λi〈uiu∗i ,ℑH〉∣∣∣∑nk
i=1 λi〈uiu
∗
i ,ℜH〉
≤
∑nk
i=1 λi |u
∗
i (ℑH)ui|∑nk
i=1 λiu
∗
i (ℜH)ui
≤ max
1≤i≤nk
|u∗i (ℑH)ui|
u∗i (ℜH)ui
= max
1≤i≤nk
|ℑ(u∗iHui)|
ℜ(u∗iHui)
≤ tanα.
This completes the proof.
We remark that the same result also holds for tr2H. In addition, based on the second
equivalent definition (2) or the identity (8) in Lemma 2.4, one could also give other ways
to prove Proposition 2.5. We leave the details for the interested reader.
Now, we are ready to present an improvement on (5). It extends (4) to sector matrices.
Theorem 2.6 Let 0 ≤ α < pi2 and H ∈Mn(Mk) be such that W (H) ⊆ Sα. Then
|detH| ≤ (secα)nk ·
(
|det(tr1H)|
nk
)n
.
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Proof. First of all, note that X and Y in (8) are unitary, so are X lY j ⊗ Ik for all l, j. By
Lemma 2.1 and ℜ(UHU∗) = U(ℜH)U∗ for every unitary U , we obtain
|detH| =
n∏
l,j=1
∣∣∣det(X lY j ⊗ Ik)H(X lY j ⊗ Ik)∗∣∣∣1/n2
≤ (secα)nk
n∏
l,j=1
(
det(X lY j ⊗ Ik)(ℜH)(X
lY j ⊗ Ik)
∗
)1/n2
≤ (secα)nk det
 1
n2
n∑
l,j=1
(X lY j ⊗ Ik)(ℜH)(X
lY j ⊗ Ik)
∗

= (secα)nk det
(
1
n
(
In ⊗ tr1(ℜH)
))
,
(9)
where the second inequality is by Fan-Ky’s determinantal inequality (see [8, p. 488]), and
the last equality is by Lemma 2.4.
Clearly, we have tr1(ℜH) = ℜ(tr1H), which leads to the following
det
(
1
n
(
In ⊗ tr1(ℜH)
))
=
1
nnk
(det In)
k
(
det(tr1ℜH)
)n
=
1
nnk
(
detℜ(tr1H)
)n
. (10)
By Proposition 2.5, we see that W (tr1H) ⊆ Sα, then tr1H has positive definite real part.
Therefore, by Lemma 2.2, we get
1
nnk
(
detℜ(tr1H)
)n
≤
1
nnk
(
|det(tr1H)| − |detℑ(tr1H)|
)n
≤
1
nnk
|det(tr1H)|
n,
which together with (9) and (10) yields the desired result.
Next, we will extend Choi’s result (6) and (7) to sector matrices.
Theorem 2.7 Let 0 ≤ α < pi2 and H ∈Mn(Mk) be such that W (H) ⊆ Sα. Then
|detH| ≤ (secα)nk
(
tr|det1H|
k
)k
, (11)
and
|detH| ≤ (secα)nk
(
tr|det2H|
n
)n
. (12)
Proof. We prove (12) firstly. By Lemma 2.1 and observing that the diagnal block matrices
of ℜH are ℜH11, ℜH22, . . . ,ℜHnn, then combining with Lemma 2.4, we obtain
|detH| ≤ (secα)nk det(ℜH)
≤ (secα)nk det(ℜH11) det(ℜH22) · · · det(ℜHnn)
≤ (secα)nk|detH11||detH22| · · · |detHnn|
≤ (secα)nk
(
1
n
n∑
i=1
|detHii|
)n
= (secα)nk
(
tr|det2H|
n
)n
,
5
where the third inequality follows from Lemma 2.2 and the last one follows from the arith-
metic mean-geometric mean inequality.
We now prove (11) by employing the relations between det1 and det2. With what has
been defined in Section 1, let H˜ =
[
Glm
]k
l,m=1
∈ Mk(Mn), then det1H = det2 H˜. Since H˜
and H are unitarily similar (see [4, Theorem 7]), we get det H˜ = detH and W (H˜) ⊆ Sα.
By applying previous inequality (12) to H˜ yields
|detH| = |det H˜| ≤ (secα)kn
(
tr|det2 H˜|
k
)k
=
(
tr|det1H|
k
)k
.
This completes the proof of (11).
3 Trace inequalities for 2× 2 block matrices
Positive semidefinite 2× 2 block matrices are extensively studied, such a partition yields a
great deal of versatile and elegant matrix inequalities; see, e.g., [7, 12, 14, 15] for details.
Kittaneh and Lin [12, 15] proved that if
[
A B
B∗ C
]
∈M2(Mk) is positive semidefinite, then∣∣trAC − trB∗B∣∣ ≤ trA trC − trB∗ trB,
trAC + trB∗B ≤ trA trC + trB∗ trB.
(13)
In this section, we present some inequalities related to 2 × 2 block matrices, which are
extensions of the result of Kittaneh and Lin. We now need to introduce some notations.
Let ⊗rA := A⊗ · · · ⊗A be the r-fold tensor power of A and let sr(A) be the rth complete
symmetric polynomial of the eigenvalues of A, i.e.,
sr(A) :=
∑
1≤i1≤i2≤···≤ir≤n
λi1(A)λi2(A) · · · λir(A).
Clearly, when r = 1, sr(A) reduces to tr(A).
Theorem 3.1 Let
[
A B
B∗ C
]
∈M2(Mk) be positive semidefinite. Then for r ∈ N
∗
∣∣(trAC)r − (trB∗B)r∣∣ ≤ (trA trC)r − (trB∗ trB)r.
(trAC)r + (trB∗B)r ≤ (trA trC)r + (trB∗ trB)r.
Proof. Note that
[
⊗rA ⊗rB
⊗rB∗ ⊗rC
]
is a principal submatrix of ⊗r
[
A B
B∗ C
]
. Thus
[
⊗rA ⊗rB
⊗rB∗ ⊗rC
]
is again positive semidefinite, then applying (13) to the above block matrix yields∣∣tr(⊗rA)(⊗rC)− tr(⊗rB∗)(⊗rB)∣∣ ≤ tr ⊗rA tr ⊗rC − tr⊗rB∗tr⊗rB,
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and
tr(⊗rA)(⊗rC) + tr(⊗rB∗)(⊗rB) ≤ tr⊗rA tr⊗rC + tr ⊗rB∗tr⊗rB.
Since (⊗rX)(⊗rY ) = ⊗r(XY ) and tr(⊗rX) = (trX)r; see [1, pp. 12–15], the desired
inequalities immediately follow.
Theorem 3.2 Let
[
A B
B∗ C
]
∈M2(Mk) be positive semidefinite. Then for r ∈ N
∗
|sr(AC)− sr(B
∗B)| ≤ sr(A)sr(C)− sr(B∗)sr(B).
sr(AC) + sr(B
∗B) ≤ sr(A)sr(C) + sr(B∗)sr(B).
Proof. Since
[
⊗rA ⊗rB
⊗rB∗ ⊗rC
]
is positive semidefinite, by restricting this block matrix to the
symmetric class of tensor product; see [1, pp. 16–20], then[
∨rA ∨rB
∨rB∗ ∨rC
]
is positive semidefinite. Applying (13) to the above block matrix leads to∣∣tr(∨rA)(∨rC)− tr(∨rB∗)(∨rB)∣∣ ≤ tr ∨rA tr ∨rC − tr ∨rB∗tr ∨rB,
and
tr(∨rA)(∨rC) + tr(∨rB∗)(∨rB) ≤ tr ∨rA tr ∨rC + tr ∨rB∗tr ∨rB.
The desired result follows by noting that (∨rX)(∨rY ) = ∨r(XY ) and tr(∨rX) = sr(X).
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